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Abstract. We associate the new type of supersymmetric matrix models with 
any solution to the quantum master equation of the noncommutative Batalin- 
Vilkovisky geometry. The asymptotic expansion of the matrix integrals gives 
homology classes in the Kontsevich compactification of the moduli spaces, 
which we associated with the solutions to the quantum master equation in our 
previous paper. We associate with the queer matrix superalgebra equipped 
with an odd differentiation, whose square is nonzero, the family of cohomology 
classes of the compactification. This family is the generating function for 
the products of the tautological classes. The simplest example of the matrix 
integrals in the case of dimension zero is a supersymmetric extenstion of the 
Kontsevich model of 2-dimensional gravity. 



Notations! work in the tensor category of super vector spaces, over an alge- 
braically closed field fc, char{k) = 0. Let V — V'^'"'^^ © yodd super vector 
space. We denote by a the parity of an element a and by IW the super vector 
space with inversed parity. For a finite group G acting on a vector space [/, we 
denote via U'^ the space of invariants with respect to the action of G. Element 
{ai®a2®- ■ -^an) oi A®" is denoted by (oi, 02, . . . , a„). Cyclic words, i.e. elements 
of the subspace (y®")^/"^ are denoted via (ai . . . anY 

1. Noncommutative Batalin-Vilkovisky geometry. 
1.1. Even inner products. Let B : V"®^ -> fc be an even symmetric inner product 

on V: 

I introduced in the space F — 0^1^ Fn 

(1.1) F„ = ((HF)®" ® fc[§„]'f " 

where fc[§„]' denotes the super A:— vector space with the basis indexed by elements 
((T, Pg.), where ct G §„ is a permutation with v cycles <Ta and — ai A . . . A (Ji^, 
G Det{Cycle{a)), Det{Cycle{a)) — Symm^" {k^^^"), is one of the generators of 
the one-dimensional determinant of the set of cycles of cr, i.e. p^ is an order on the 
set of cycles defined up to even reordering, and (cr, —p„) = — (cr, p^). The group §„ 
acts on A:[§„]' by conjugation. The space F is naturally isomorphic to: 

F = Symm{®%^Il{UV®'f/^^) 

The space F carries the naturally defined Batalin-Vilkovisky differential A (see 
loc.cit. and references therein). It is the operator of the second order with respect 
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to the multiplication and is completely determined by its action on the second power 
one chooses a basis {a^} in IIV^, in which the antisymmetric 
even inner product defined by B on UV has the form (—1)°'' B(nai,Ilaj) ~ bij , 
then the operator A sends a product of two cyclic words (a^ . . . Up )'^(ari • • • o-rtY, 
to 

(1-2) ^{-ly^bp^rMpi ■ ■ ■^P,-i''r,+, ■ ■ ■ar^_,ap^^^ . . .apj''+ 

p,q 

pzLl^q mod r 

+ (~l)^'^rpr,(api ...ap^Yiar, . . . a^^_,ar,+i ■ ■ ■ ar,YiaT,+, ...ar^_,Y 

pzul^q mod r 

where Si are the standard Koszul signs, which take into the account that the parity 
of any cycle is opposite to the sum of parities of Oi : (op^ . . . ap^)'= = 1 + X^^pT- 
follows from the loc.cit., prop. 2, that A defines the structure of Batalin-Vilkovisky 
algebra on F , in particular A^ — 0. The solutions of the quantum master equation 
in F 

(1.3) riA5'+i{5,5} = 0, S^Y.^^''^^'^9.^,n, Sg,,^neSymm'nF^'''", 

with 5*0.1,1 = 0, are in one-to one correspondence, by the loc.cit., theorem 1, with 
the structure of Z/2Z-graded quantum Aoo — algebra on V, i.e. the algebra over the 
Z/2Z-graded modular operad T/cEi, where § is the Z/2Z-graded version of the 
twisted modular /C— operad sE§[t], with components described in loc.cit. 

The (g = 0,i = 1)— part is the cyclic Z/2Z-graded Aqo— algebra with the even 

invariant inner product on Hom{V,k) ~ V . Recall, see loc.cit., that for any 
solution to (|1.3p . with 5o.i,i = 5*0,1.2 — 0, the value of partition function cs{G) 
on a stable ribbon graph G, with no legs, is defined by contracting the product of 
tensors 0„gyert(G) ^g{v)A^)M^) "^^^^ B®^'^3e{G) ^ji-]^ appropriate signs. 

Proposition!. ([1], s.10,11) The graph complex !FjcSi{{0,^,iy))) (part of J^ic^ with 
no legs) is naturally identified with the cochain CW-complex C*{A4^ ^/Si,) of the 
Kontsevich compactification of the moduli spaces of Riemann surfaces from f]7]J. 
For any solution to the quantum master equation \1.S\) in F , with 5o,i,i = 5o,i,2 = 
0, the partition function on stable ribbon graphs cs{G) defines the characterestic 
homology class in H^,{A4j^^/S,^). 

1.2. Odd inner products. Let V" = y*' © be a super vector space and B be 
an odd symmetric inner product, B : V^®^ Ilfc, B{x,y) = {~lY^B{y,x). The 
analog of the space F in this situation has components 

F„ = (F®"(»fc[S„]f" 

where fc[S„] is the group algebra of S„, and S„ acts on k[Sn] by conjugation. The 
space F is naturally isomorphic in this case to: 

(1.4) F = 5ymTO(©°^i(y®^')^/j'^) 

The space F carries the naturally defined second order differential defined by the 
formula (|1.2p with Oi e V, bij = B{ai,aj) and the Koszul signs e^, which now 
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correspond to the standard parity of cycles :(ap^ ...ap^Y = J^^hh • A_gain, it 
follows from the loc.cit., prop. 2, that — 0, and that A defines the structure of 
Batalin Vilkovisky algebra on F. 

The solutions of quantum master equation (|1.3p in F, with 5*0,1,1 = 0, are in 
one-to one correspondence, by the loc.cit., with the structure of algebra over the 
twisted modular operad J-E on the vector space V . Here S is the untwisted Z/2Z- 
graded version of sl]§[t]. The components S{{n)) are the spaces fc[S„][t], with the 
composition maps defined as in loc.cit., sect. 9. The Feynman transform is 
a /C— twisted modular operad, whose {g = i = 0)-part corresponds to the cyclic 

Aoo— algebra with the odd invariant inner product on Hom{IlV, k) ~ V . 

Proposition 2. (^,s.lO,ll) The graph complexes T§{{0,'-f,i'))) (part o/jFS with 
no legs) are naturally identified with the cochain CW-complexes C* (M^ j^/S^, C) 
of the Kontsevich compactification of the moduli spaces of Riemann surfaces with 
coefficients in the local system C = Det{P^), where Pe is the set of marked points. 
For any solution to the quantum master equation 11.3]) in F , with 6*0,1,1 — So,i.2 — 
0, the partition function on stable ribbon graphs cs{G) defines the characterestic 
homology classes in jy/Si/, -C). 

2. SUPERSYMMETRIC MATRIX INTEGRALS. 

2.1. Odd inner product. Let S{ai) be a solution to the quantum master equation 
(|1.3p from F, with 6*0,1,2 — 60,1,1 = 0. Consider the vector space 



M = Hom{V,End{U)) 

where dim/7 — {d\d). The supertrace functional on End{U) gives a natural exten- 
sion to M of the odd symmetric inner product on Hom{V, k) dual to B. Let us 
extend 6 to a function Sgi on M so that each cyclically symmetric tensor goes to 
the supertrace of the product of the corresponding matrices from Endk{U) 

{a^,,...,a,J'' ^tr{X,, •...•X.J 

and the product of cyclic words goes to the product of traces. The commuta- 
tor I A = [A, •], for A G End{U)°'^'^, is an odd differentiation of End{U). No- 
tice that 7^ for generic A. For such A there always exists an operator 
/^^ of regularized inverse: [/a,/^^] = 1, preserving the supertrace functional. 
A choice of nilpotent /^^is in one-to-one correspondence with /^—invariant la- 
grangian subspace in liEndlJJ)^ corresponding to i = {x e M\IJ^'^(x) = 0}. 

^ A _ jA„„i\ \ \ T ^„L„ T-i ( ^00 ATio 



Let A = 1^ Q j, Aoi = diag{Xi, . . . ,Xd), I take ^ 

M.Xoi M.iXooJ^Xn) ^ ^^^^^ ^^^^ ^ ^ 

Theorem 1. By the standard Feynman rules, the asymptotic expansion, at A^^ ^ 
0, is given by the following sum over oriented stable ribbon graphs: 

J. exp i o B-([A ,n X) + S,(xy, ,X ^ ^,,y^,-^^^^ 

/i,"Pl(-I<"B-'(lA,X|,Jf))<(A' ^ SI ;m < 
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where Xg euler characteristic of the corresponding surface, cs{G) is our parti- 
tion function associated with the solution S , c\(G) is the partition function associ- 
ated with {End{U),tr, ) and constructed using the propagator tr{I^ •,•). c\{G) 
defines the cohomology class in H*{A4^ ,^/Eiv,jC). 

This follows from the standard rules ("G^) of the Feynman diagrammatics (com- 
pare with the formula (0.1) from [5 ). In particular the combinatorics of the terms in 
Sgi{X) matches the data associated with vertices in the complex J^S, i.e. the sym- 
metric product of cyclic permutations and the integer number. The construction 
of c\{G) is studied in more details in (^ B3]). 



2.2. Even inner product. Let now S denotes a solution to quantum master equa- 
tion in the Batalin-Vilkovisky algebra (jl.ip . with 5'o,i,2 = ^o,!,! = 0. In this case 
my basic matrix algebra is the general queer superalgebra q(U) ([4]) with its odd 
trace. The associative superalgebra q{U) is the subalgebra of End{U nj7), 

q{U) = {X e End{U ® mi) I [X, tt] = 0} 

where C/ is a purely even vector space and tt : U IIU , tt^ = 1 is the odd operator 
changing the parity. As a vector space q{U) ~ End{U) (BllEnd{U). The odd trace 
on q{U) is defined as otr{X) — ^tr{TTX). Let us extend S to the function Sq on 
M = Hom{IlV,q{U)), so that each cyclically symmetric tensor in Il(nV^^)^/^^ 
goes to the odd trace of the product of the corresponding elements from q(U) 

(oii ,...,a^.y^ otr{Xi^ ■ Xi.) 

and the product of cyclic words goes to the product of the odd traces. Let us 
denote by otroB~^ the odd extension to M, which is defined using the odd pairing 
otr{XX') on q{U), of the even symmetric inner product on Hom{V,k). Let A = 
IIdiag{Xi, . . . , Ajv), A e UEnd{U) be the odd element from q{U). The commutator 
/a = [A,-] is an odd differentiation of q{U), and for generic A^, ^ 0, and 
/a is invertihle outside of the even diagonal. Define the regularized inverse 1^^, 

(/a')^! = {K + A,)-in£;,f, {ii^)nEl = O, [/a, /a'] = and let L = {x e 

M\Il\x) = 0}. 

Theorem 2. By the standard Feynman rules, the asymptotic expansion, at A^^ 
0, is given by the following sum over oriented stable ribbon graphs: 

h^^H{-\otroB-\[K,X],X) + S,iX))dX ^^^^^y ^-.^ ^c.,^. 
/^exp(-^otroi3-i([A,X],X))dX const 2^ h cs[G)ca[G), 

where cs{G) is the partition function from and ca{G) is the partition function, 
associated with {q{U), otr, I]^^), and constructed using the propagator otr'^"°'\l^^ ■ , •). 
ca{G) defines the cohomology class in H*{A4^ ^/Si^), it is the generating function 
for the products of tautological classes. 

Theorem 3. Let us consider the case of the one- dimensional vector space V with 
even symmetric inner product. The solutions in this case are arbitrary linear com- 
bination of cyclic words X^, X^,. . . , Ar^"+^. Our matrix integral in this case is a 
supersymmetric extension of the Kontsevich matrix integral from (^). 
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